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N U M E R I C A L  S O L U T I O N  OF T H E  P R O B L E M  OF H E A T  

A N D  MASS T R A N S F E R  I N  A M O I S T  P O R O U S  B O D Y  

A .  N. O b l i v i n  a n d  V .  S .  K u p t s o v a  UDC 536.242 

A s y s t e m  of control l ing equations is der ived .  The method of finite d i f fe rences  is used to obtain 
numer ica l  s olutions for  the t e m p e r a t u r e  d is t r ibut ions ,  the moi s tu re  content,  and the p r e s s u r e  
of the a i r  -- vapor  mix tu re  in a porous  body during contact heating.  

Heat and mass  t r a n s f e r  in a two-d imens iona l  mois t  porous body during contact  heating and molding a r e  
d i scussed .  The nonsta t ionary heating of a p o r o u s b o d y  f r o m  a molding su r face  at constant t e m p e r a t u r e  T m s  
leads to the vapor iza t ion  of the moi s tu re  in the skele ton and to the fo rmat ion  of an a i r  - -  vapor  mixture  in the 
po re s  which moves  toward the f ree  (permeable)  su r f aces  of the body. The molding p roces s  is considered 
comple te  when the porous body r eaches  a g iven t e m p e r a t u r e  and moi s tu re  content.  

The  motion of the a i r  - -  vapor  mix tu re  in a porous two--dimensional body is descr ibed  by D a r c y ' s  f i l t r a -  
t ion  law [1] in the f o r m  

flpU = - -  k~ Op and 179o = - -  k u O...ff_p (1) 
" O x  " O y  ' 

where II is the volume and su r face  poros i ty  of the body. 

According to  the accepted  ma themat i ca l  model  of an e l e m e n t a r y  volume of a porous body shown in Fig.  
1, the equation for  the t r a n s p o r t  of the a i r  - - v a p o r  mix tu re  can be wr i t ten  in the fo rm 

( op , O,ou Opv 
17 ~ - - ~ - w - - ~ x  + ay ] =[3(Psv - P v ) '  (2) 

in  which 

where  

Pv = 9v RT, (3) 

R = R v  9v ~ R a  1 - -  - - R  v P-P-v-+R a 1 - -  . (4) 
P P P 

It is a s sumed  that  vapor iza t ion  and condensat ion of mo i s tu re  occur  at the pore  su r faces  and that  the mois tu re  
in the s y s t e m  of cap i l l a ry  channels of the ske le ton  is in the liquid s ta te  at the skele ton t e m p e r a t u r e  Tsk .  It is 
a s sumed  that  the mass  t r a n s f e r  r a t e  in the bulk of the body is p ropor t iona l to  the d i f ference  between the sa tu -  
r a t ed  vapor  p r e s s u r e  at the  t e m p e r a t u r e  Tsk  and the pa r t i a l  p r e s s u r e  of the vapor  Pv. 

The moi s tu re  content in the ske le ton  is cha r ac t e r i z ed  by W, and its local t i m e  ra t e  of change is de -  
s c r ibed  by the moi s tu re  content equation 

0tV 
(I --/7) ~ = ~ (Pv-- Psv)- (5) 
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Model of mat ter  (a) and heat t r ans fe r  {b) in a porous body. 

The equation for the t ranspor t  of vapor in the pore sys tem is s imi lar  to Eq. (2) and has the form 

(09v  O9~u a ~ v  ) 
/7 - - ~ + ~ - - x  + - - ~ V  =~(Psv--Pv)" 

Using Eq. (2) this equation can be rewri t ten  in the form 

( ) {6) 17 o-3T + pu -3E + pv ~ y  

where p = Pv/O = Pv/P is the dimensionless relat ive partial  p ressure  of the vapor in the mixture.  

We re tu rn  to the model of an e lementary  volume of a porous body (Fig. lb) to describe the heat- 
t r ans fe r  process .  Heat t r ans fe r  in the skeleton requires  taking account of conduction and the thermal  
effects accompanying the vaporization and condensation processes  on the pore surfaces and is described 
by the equation 

0 ( 02Tsk O'~Tsk ) ( l - - n )  ~ - ( C s k P s k + C m o W )  T s k = ( l _ _ ] 7  ) ~,x Ox 2 . + k  u ~ +qsk (7) 
Oy 2 

Here qSk is the total thermal  effect of the interact ion of the air  -- vapor mixture and the skeleton, and it 
can be interpreted as the volumetric heat re lease  ra te  consisting of the four components 

qsk= qsk + q~k + ~k + ~4 k, (8) 

where 

qSk = a (T - -  Tsk ) (9) 

is the volumetric heat flux density due to convective heat t r ans fe r  at the pore surfaces ,  where ~ is the 
volumetric hea t - t ransfer  coefficient; it depends on the mass flux ow through the pores,  where 

w = V h ~ +  v= , (10) 
sk 

q2 = ~(Pv--Psv) r (11) 

is the heat re lease  ra te  at the pore surfaces result ing f rom the condensation of vapor (for evaporation 
when Psv > ~r qSk < 0; i . e . ,  the skeleton loses energy); 

1 
sk Cv ~ (T - -  Tsk ) -2- (Pv- -  Psv + I Pv - -  Psv l) (12) q3 --~ 

is the heat re lease  ra te  from the cooling of vapor f rom the tempera ture  T of the mixture to the t empera-  

taU~ehTe sk i~ f : h : : r k : : d t : ; b : : ~ p o C r ~  bnde~=ien~c:n~:=i~:ei;thfeaj:s; J :o~T~skatid:j~vg:~ 0 

sk 
q, = I~(P,,--P,v)%g',k 0-3) 

is the rate  of heat input to the skeleton (or output for Pv < Psv) as a resul t  of the increase  (decrease) of 
the heat content during the increase (decrease) of the moisture content of the skeleton. 

After substituting Eqs. (8), (9), (11), (12),and (13) into the right-hand side of Eq. (7), using (5), 
and making some t ransformat ions ,  we obtain 
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OT~k ( 02Tsk O'Ts_hk ) + 
(l--l-l)(CskPsk +C m~W)-~ = (1 - I1 )  ~'x Ox ~ + ~u 093 

1 
, + a (T - -  Tsk ) + [~ (Pv - -  Psv) r + c v [~ (T - - T  k) -~  (Pv - -  Psv + IPv--Psv !)" (14) 

Heat t r a n s f e r  in the pores  is de te rmined  by taking account of convect ion and the t h e r m a l  effects  a c -  
companying vapor iza t ion  and condensat ion on the pore  s u r f a c e s .  If the avai lable  heat per  unit volume of 
the  a i r  -- vapor  mix ture  is cha rac t e r i zed  by the heat  content h, the h e a t - t r a n s f e r  equation for the mixture  
t akes  the f o r m  

(_0ph + 2p~ oph~ ) 
/7 \ ot Ox +-~u . = q" (15) 

The overa l l  t h e r m a l  effect  of the in te rac t ion  of the ske le ton  and the a i r  --  vapor  mixture  q can  be separa ted  
into the following t h r ee  components  : 

where  

q = qz"kq~-k-qs, (16) 

ql = = ( r ~ k -  T) (17) 

is the vo lumet r ic  heat flux densi ty  due to  convect ive heat t r a n s f e r  at the pore  su r faces  : 

q, = Cv~ (Tsk - - r )  1 (Ps,, --Pv + [ Psv-- Pv I) (18) 

is the heat r e l e a s e  r a t e  resu l t ing  f r o m  the cooling of vapor  f rom the ske le ton  t e m p e r a t u r e  T s k  to  the t e m -  
p e r a t u r e  of the mix ture  T a f t e r  vapor iza t ion  at  the pore  su r f aces  (if T > T s k  during vapor iza t ion  q2 < 0; 
i . e . ,  the mix ture  t r a n s f e r s  energy  to the heating of the vapor  f r o m  the vapor iza t ion  t e m p e r a t u r e  T s k  to  
the t e m p e r a t u r e  T of the mix ture ,  and when t he r e  is no vapor iza t ion  Pv >- Psv and q2 -=- 0); 

q3 ~-- ~ (t~v - -  pv) hv (19) 

is the r a t e  of heat input to  the mix ture  (or loss  if Psv < Pv) as a r e su l t  of mass  t r a n s f e r  during vapor iza t ion  
(or condensation) of mo i s tu re  o n t h e  pore  s u r f a c e s ,  where  hv is the heat content of the vapor  at the t e m p e r -  
a tu re  of the  mix ture  T .  

After  subst i tut ing Eqs.  (16)-(19) into the  r ight -hand side of (15) and using (2), we obtain 

H p_~_+pu._~_xOh Oh ..v. pvO~_h]__r --Pv'~(hv--h)"bcv~(rsk--T)-2 (Psv--Pv+IPsv--Pv])" (20) 

Using the fact  that  

h=cT + pr, hv=cvT +r  and C=Cv-p-}-ea(l---p), 

and Eq. (6), we can wri te  Eq. (20) in the f o r m  

( OT OT OT ) I 
IIc 9 ~ -  + P u -~x + pv ~ = a (Tsk - -  T) + Cv~ (Tsk - -  T) -~ (Psv - -  Pv + I Psv-- Pv 1). (21) 

Thus ,  the ma themat i ca l  fo rmula t ion  of the  p rob lem under cons idera t ion  includes seven  par t ia l  d i f fe r -  
enttal  equations and four a lgebra ic  equations containing the 11 unknowns o, P, ~, T,  Tsk,  W, pu, pv, R, 

c, and Psv: 

the  f i l t ra t ion  equation, 

Op 17pv = - -  ky Op n p ~  = - ks  - g - ; ,  ~i-y ~ 

the t r a n s p o r t  equation for  the a i r -  vapor  mixture ,  

op op~ 2or)  = P(p~v -p~); n - - ~ - + % ~ - +  ov ) 

the moi s tu re  content equation 
OW 

(1 --/-/) - 7  = [~ (pp- -  Psv); 
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the vapor t r anspor t  equation, 

17 p--~- + pu --O-X- + pv - ~ 

the hea t - t r ans fe r  equation i n t h e  skeleton, 

( O'Tsk a'Tsk ) (1 --/-/) (CskPsk-}-- %o117) oTsk = (I - - ]7)  ~'x -[-~'u "~ 
at Ox 2 og~ 

1 
-1- cr (T - -  Tsk) + 13 (pp --Psv) r + Cv~ (T - -  Tsk ) ~- (PP-- Psv -k IPP--Psv I); 

the hea t - t r ans fe r  equation for the a i r -  vapor mixture,  

n~ p - ~  +p .  ~ T -  +or  - o 7  =~(r~k - - r ) +  

1 
+ c~  (r~k --  r) -2- (Psv-- P? + I Psv - -P;  1) ; 

the a lgebraic  re la t ions 

p=pRT ,  Psv = f(Tsk). 

It should be noted that the equation for the overal l  heat t r a n s f e r  in a porous body obtained by a t e r m -  
by - t e rmadd i t i on  of the equations for heat t r a n s f e r  in the skeleton and in the a i r - - v a p o r  mixture .  

OTsk OT 
(I -- r/)(cskO, k+%oW ) ~ + n p c  o-T = 

02Tsk O~Tsk "-- 1-IC 9u -~x @ pv @ 
= ( 1 - - I  0 ~,= Ox ~ + ~'u Oy~ 

+ ~(PP--  P~v)[% (T--  T,k) + rI 

shows the validity of taking account of all the t he rma l  effects  in the overal l  energy balance.  The last 
t e r m  on the r ight-hand side of this equation cha rac t e r i zes  the heat r e l ea se  during cooling of the condensed 
vapor  f rom the t empe ra tu r e  of the mixture  T to the t empera tu re  of the skeleton Tsk  and the subsequent 
condensation at this t empe ra tu r e  or the available heat during the inverse  p rocess .  

It was assumed that at t = 0 the quantities sought were  uniformly distr ibuted through the porous body: 

P=Po, P=Po, Tsk=T=To, W=Wo. (22) 

The problem was solved for the rma l  boundary conditions of the f i rs t  kind on the molding sur faces  of the 
porous body f r sk  = Tins).  The veloci ty of the mixture  in the d i rec t ion  of the normal  n to the impermeable  
sur face  of the body (subscript  is) is equal to zero  (Wn/is = 0). Consequently, 

Op I = 0 .  
On qs 

The boundary conditions on the impermeable  su r face  of the body for the vapor and hea t - t r ans fe r  equations 
in the a i r  -- vapor  mixture  take the form of degenera te  var iants  of these  equations : 

/7 (P ~ + pw~ --~0p)i:[is = (1 --Pis) [3 (Psv--/~vPsv) (23) 

and 

nc P - - E - -  + P ~  I:is = % (~k - -  

w h e r e  w r is the veloci ty of the mixture  in the tangential  d i rec t ion  -r, at r ight angles to the direct ion of the 
normal  n; 

- 1 

is the reduced volumetr ic  hea t - t r ans fe r  coefficient  calculated f rom the conditions on the impermeable  
sur face .  
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Fig. 2. Distribution of: a) skeleton tempera-  
ture  Tsk; b) moisture cor~er~ W; c) p ressure  
p for Fo = 0.8 (temperature is in ~ p ressure  
is in atm, and the moisture  content is relative to 
the initial value}. 

For  the symmet ry  plane of a porous body (subscript sp) with the direct ion of the normal n we have 

Op tsp= 0p I OT OTsk ~- O. 

0"~ --~- fsp = -~- [ sp ----~n sp 
(25) 

For a free permeable surface of a body (subscript ps) with the direction of the outward normal n the 
pressure p of the air-- vapor mixture must be equal to the pressure of the surrounding medium Pro: 

Pps = Pro. 

This condition leads to the vanishing of the mass flux of the mixture along a permeable surface .  
~{ry condition for the tempera ture  of the skeleton in this case can be wri t ten in the form 

I ~'n PS = COps (Tm-- Tsk),ps, (27) 

where A n is the thermal conductivity of the skeleton in the direction of the normal, and ~ps and T m are 
the heat-transfer coefficient and the temperature of the medium at the permeable surfaces. 

The boundary condition for the vapor transport equation is determined by the mass-transfer char- 
acteristics at the permeable surface and can be written in the form 

PWnP]ps = ~ps (Pps -- Prn)Pa (28) 

where w n is the velocity of the mixture in the direction of the normal to the permeable surface. Since 
according to Eq. (1) 

//PWn Ips ----" -- kn ~ n  p (29) 
ps' 

we can rewrite Eq. (29) in the form 

k~ Pps ~n m /'7 "-=- ~m (Pro-- Pps ) ,~a, (30) 

where kn is the permeability of the porous body in the direction of the normal to the permeable surface. 
The boundary condition for the heat-transfer equation in the air -- vapor mixture at this surface is 

OT 
l'lcpw,~ ~ ps= ~,ps(Tsk--T) [ps' (31) 

(26) 

The bound- 
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where  

is the reduced volumetr ic  hea t - t r ans fe r  coefficient  calculated f rom conditions at a pe rmeab le  sur face  of 
the porous body. 

The problem formulated cannot be solved analyt ical ly.  The re fo re ,  we solved the problem by the 
f in i te -d i f ference  method using an explicit  scheme for all equations of the evolut ionary type [2]. An analy- 
sis of the stabil i ty of the numer ica l  solution and the convergence of the f in i te-di f ference scheme used gave 
sa t i s fac tory  r e su l t s .  The a lgor i thm developed for the numer ica l  solution was p rogrammed in AIL~OL-60 
for a B~.SM-6 computer .  

The numerica l  analysis  led to a r a the r  complete picture  of the t ime development of the heat-  and 
m a s s - t r a n s f e r  p rocesses  over large ranges  of the controll ing p a r a m e t e r s .  The nonstat ionary t empe ra -  
tu re  distr ibutions of the skeleton and a i r  -- vapor mixture ,  the mois ture  content, and the p re s su re  in the 
molding process  were  obtained. As an example,  Fig.  2 shows the t empera tu re  dis t r ibut ion in the skeleton, 
the p r e s s u r e  of the mixture,  and the mois ture  content in a porous body (chip board) for  Fo = hy t / (CskPskH2 ) = 
0.8, where H is the half- thickness of the board.  

Detailed informat ion on the pa rame te r s  of the process  obtained by a numerical  solution of the prob-  
lem makes it possible not only to judge the s ta te  of the body at any instant, but also to  optimize technologi- 
cal p rocedures  for  molding porous bodies.  

N O T A T I O N  

x, y, coordinates;  H, porosi ty;  p, density;  p, p r e s su re ;  T,  t empera tu re ;  u , v , x , y ,  components of 
veloci ty  of a i r - - v a p o r  mixture;  t ,  t ime;  k, permeabi l i ty i  h , t h e r m a l  conductivity of skeleton; c, specific 
heat;  R, gas constant;  W, mois ture  content; h, heat content; r ,  heat of vaporizat ion;  q, volumetr ic  
h e a t - r e l e a se  ra te ;  ~, vo lumet r ic  hea t - t r ans fe r  coefficient;  /3, vo lumetr ic  m a s s - t r a n s f e r  coefficient;  ~, 
d imensionless  re la t ive  par t ia l  p r e s s u r e  of vapor;  n, d i rec t ion  of normal  to sur face ;  T, tangential  d i r ec -  
tion; H, half- thickness  of board;  L, half-width of board;  Fo, Four i e r  number;  w, velocity of a i r - - v a p o r  
mixture .  Indices: a, a i r ;  v, vapor;  sk, skeleton; m, surrounding medium; sv, saturated vapor;  me, 
mois ture ;  n, d i rec t ion  of normal  to surface;  T, tangential  direct ion;  0, zero  t ime;  ms, molding sur face ,  
is,  impermeable  sur face ;  sp, s y m m e t r y  plane of porous body, ps, permeable  sur face  of porous body. 
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